Does consideration of sunspot equilibria in the cash-in-advance model help the model match key features in the US macroeconomic data? One can use the cash-in-advance model to generate predictions of macro time series via an equilibrium of the model. However, when restricted to minimum state variable stationary rational expectations equilibria, the model's predictions do not match the data well. Recent work by Woodford (1994) and Huo (1995) demonstrates that this model may exhibit a much larger class of equilibria including stationary and non-stationary sunspot equilibria. Does expanding the predictive content of the CIA model by considering this larger set of equilibria help the model match the US data? In this paper, the sunspot equilibria of Woodford (1994) and Huo (1995) are quantitatively explored to answer this question.
Introduction
Dynamic stochastic general equilibrium (DSGE) models make predictions about the joint distribution of exogenous and endogenous variables. This is one of the merits of this approach to macroeconomics and has led to a large area of quantitative research in macroeconomics. In this area of research, DSGE models are parameterized, calibrated (or some other method of parameter assignments is used), and simulated. Statistical properties of the simulated data are then compared to those properties in actual data to assess the dimensions along which the model fails and succeeds. The cash-in-advance (CIA) model of Lucas and Stokey (1987) is one such DSGE model that has been assessed in this way by Hodrick, Kocherlakota, and Lucas (1991), Cho and Cooley (1995) , and others with varying success. All of these papers take the prediction by the model of the exogenous and endogenous variables' joint distribution to be the unique minimum state variable stationary rational expectations (MSV-SRE) equilibrium.
Both Woodford (1994) and Huo (1995) demonstrate the CIA model may other have equilibria in addition to the MSV-SRE equilibrium. In particular, they both consider conditions under which extrinsic uncertainty matters, i.e., sunspots matter. Woodford contains restrictions on preferences and policy that result in or rule out self-fulfilling inflations where m t → 0 (both perfect foresight and sunspot), self-fulfilling deflations where m t → ∞ (both perfect foresight and sunspot), and bounded endogenous fluctuations (sunspot). Huo (1995) , on the other hand, derives the existence of sunspot equilibria relying more on restrictions on the sunspot process itself rather than restrictions on preferences and policies. In fact, there are sunspot processes possible in Woodford that would not work in Huo. Huo exploits the multiple (two) steady states of the model to construct sunspot equilibria. The two steady states correspond to a monetary equilibrium (0 <m < ∞) and non-monetary equilibrium (m = 0). Woodford defines and only considers monetary equilibria where m > 0 always.
Exploring possibilities beyond the MSV-SRE equilibrium in models like the CIA model is useful for several reasons. First, the influence of extrinsic uncertainty may result in an inherently unstable economy. This has implications for policy design insofar as it might be possible to eliminate the influence of extrinsic uncertainty though appropriately designed monetary and fiscal policy. Also, it is possible that the source of the instability is due to policy design and so one may identify a class of policies to be avoided. Second, it has implications for the usefulness of DSGE models for policy. As Huo (1995, p. 832) writes
[t]he omnipresence of [sunspot equilibria] raises general doubts whether one can properly write down a rational-expectations monetary model for macroeconometric purposes. For in order to do so, the model must be able to generate structural relations that can be identified. In a rational-expectations model this means that no variables other than lagged values of state variables have additional explanatory power, provided that a complete list of state variables can be identified. The number of state variables may be arbitrarily large in [sunspot equilibria] and therefore impossible to identify.
Third, and the focus of this paper, this larger class of equilibria can be used to to interpret or understand the behavior of macroeconomic time series. Given such equilibria exist, do their statistical properties match those in the data better than those of the MSV-SRE equilibria?
The quantitative results are mixed. This larger class of equilibria is an improvement in some dimensions, but with limitations and at a cost to the model's performance along other dimensions. There are two main lessons to be had. First, the additional flexibility of sunspots (more free parameters) in specifying the conditional covariance matrix of the forecast errors does not necessarily allow the model to be calibrated to match additional moments. More specifically, the mapping from targeted moments to parameters of the covariance matrix might not result in a positive semidefinite matrix and hence not be reproducible in the model. This clearly illustrates that sunspots allow the model only limited flexibility in matching the data. Second, there exists a tension in the CIA model between pushing the model to make sunspots matter (in the Woodford or Huo sense) for second moments and the model's ability to match first moments. This occurs because the parameterization needed for sunspots to matter forces certain means in the model to be much higher than those in the data.
The paper is organized as follows. In section 2, I briefly describe the CIA model. Section 3 discusses the conditions needed for sunspot equilibria. The model's predictions using both simulations and a frequency-domain method are reported and compared to the data in section 4. Section 5 concludes.
The CIA Model
The model is the standard CIA model of Lucas and Stokey (1987) . It is an endowment economy with both cash and credit goods. There is a representative agent and a government.
The government controls the money supply and consumes nothing.
Household
Preferences are given by
where C is the cash good, X is the credit good. HKL consider utility functions of the form
Preferences in (2) are Cobb-Douglas preferences and those in (3) are CES with elasticity of substitution given by 1/(1 − η).
1
The household seeks to maximize (1), by choice of
and M 0 as given, where P t is the price level, T t is a lump-sum transfer, and Y t is the endowment. The endowment process follows a stochastic growth rule:
Government
There is no government consumption. Monetary policy follows a stochastic growth rule:
1 Both forms of preferences have U c and U x homogeneous degree −α. This results in a stable ratio of C/X in equilibrium if the endowment process is growing and the nominal interest rate is constant, i.e., linear Engel curves. With preferences specified by (1), Cobb-Douglas is not a special case of CES for two reasons: (1) U (C, X) is the felicity function in time additively-separable preferences, and (2) there is uncertainty. so ω t is the gross growth rate of the money supply. The government controls the supply of money via lump-sum transfers:
Equilibrium
Definition. A rational expectations equilibrium (REE) is a sequence of stochastic processes 
4. and the goods market clears:
. Then an equilibrium must satisfy the following:
Let the joint process z t := [ω t γ t ] representing the exogenous growth rates of money and output follow a stationary VAR:
A MSV-SRE equilibrium is a set of functions c(z), x(z), m(z) that satisfy (9)-(11) where z follows (12).
Sunspots

Woodford Conditions
In this section, I briefly state the results of Woodford (1994) for bounded endogenous fluctuations, self-fulfilling inflations and self-fulfilling deflations.
Bounded Endogenous Fluctuations
Woodford's condition for sunspot equilibria (p. 367, Proposition 7) adapted to an economy with growth as in HKL is
wherem,w andγ are deterministic steady state values and
whereĉ := arg max c U (c, 1 − c) (by assumption satisfies 0 <ĉ < 1). This condition is equivalent to all of the eigenvalues of the matrix Q from the log-linear approximation around the deterministic steady state
being less than 1 in absolute value (provided the exogenous shocks are stationary). Given the parameterization of HKL, this condition can be satisfied.
To be explicit about the added flexibility of sunspot equilibria, note that equation (16) can be written as 
where the e x is the forecast error ofx. When the steady state is locally determinate, the forecast error for consumption is a linear function of the forecast errors for the exogenous processes ω and γ. In this case we have the uniquely defined
Here it is clear that the forecast error ofĉ is uniquely determined within the model as a function of the innovations to output and money growth (intrinsic uncertainty). When there is local indeterminacy, any process e c t+1 with E t [e c t+1 ] = 0 is an equilibrium allowing for much greater flexibility in fitting the data.
Self-Fulfilling Inflations and Deflations
Woodford enumerates the following two assumptions on preferences and the money growth rate (again adapting these conditions to an economy with growth as in HKL): 
Huo Conditions
In Huo (1995) Huo defines the following:
Then a stationary rational expectations equilibrium is given by [w, c, z] such that
where
The central assumption on the sunspot process is the following. One can partition the state space into two disjoint non-empty subsets: S = V ∪ G with G closed. Let G be the Borel sets of G. This partition must be such that there exist B ∈ G, and V 0 ⊂ V where V 0 is closed such that
The first condition means that if the sunspot shock is in G, it stays in G almost surely (a type of absorption). The second condition means that if the sunspot shock is in
will not leave this set with probability one (a type of persistence). Huo's main result follows:
there is a unique stationary rational expectations equilibrium with z(s) > 0 for s ∈ V and
In the HKL version of the cash-in-advance model and the ranges of parameters considered, Huo sunspot equilibria can be constructed.
Simulations and Model Predictions
In this section, the CIA model is parameterized and the equilibria found in Woodford and
Huo quantitatively explored. As a solution method for sunspot equilibria in a bounded neighborhood of the steady state, I am going to use the log-linear approximation around the deterministic steady state. 
Bounded Endogenous Fluctuations: Preliminaries
Here, I briefly describe the restrictions on the covariance matrix of forecast errors in equa- . Then the linear approximation of an equilibrium bounded within a neighborhood of the deterministic month. Inflation: 1 + π t = P t+1 /P t , where
This measurement is essentially a consumption deflator. Real interest rate (ex post) is r t = i t − π t , and the population is total US population. See HKL for more details.
steady state can be expressed in any of the following equivalent ways:
With local indeterminacy, the covariance matrix of e,
is not uniquely determined within the model. The covariance matrix Σ ωγ for γ and ω is calibrated to its estimate from the data, but the remaining three values for the covariance matrix σ cc , σ cω and σ cγ are free parameters (only restricted so that Σ is positive semidefinite).
To capture these restrictions, note that the forecast error e c can be written as
where E(ue
Since the covariances are given by
this implies the following restriction on the covariances
which defines an elliptical region in σ cω -σ cγ space. So for each combination of preference parameters that gives rise to local indeterminacy, one can calculate second moments for a wide range of covariance matrices. These restrictions are illustrated in Figure 1 .
Given the linear nature of the approximated solution, I follow Uhlig (1999) and calculate the model's second moments in the frequency domain and not via simulation. The spectral density matrix for z is given by
(where H(L) is a lag polynomial), I can write the joint process
This means that
Then the auto-covariance functions can be recovered using the inverse Fourier transform:
Given the three degrees of freedom in specifying the covariance matrix it is tempting to suspect that three second moments from the data can be matched exactly. This is not If the implied Σ is positive semidefinite, then the model can exactly match those three second moments, but this might not be the case.
Bounded Endogenous Fluctuations
Cobb-Douglas Results: is due to the fact that the parameterization needed for sunspots is near the region in the offers both explanation and reason for concern (in terms of the possibility of fluctuations due to self-fulfilling expectations). This remark applies as well to the CES specification below.
parameter space where there is a unique MSV-SRE equilibrium and these second moments are large. The addition of sunspots cannot reduce these moments sufficiently to get close to the sample moments in the data.
As mentioned above, the large value of α is bad for the model's prediction of means: 
Self-Fulfilling Inflations
For both CES and Cobb-Douglas preferences, assumptions (W1) and (W2) (along with the two additional assumptions on preferences) are satisfied. Graphically, (W2) ensures that (14) and (15) (see Figure 12 for the Cobb-Douglas case). In both case, the convergence to zero is extremely rapid. For example, setting ω =ω, γ =γ, and using m 0 = 0.99m * , with Cobb-Douglas preferences m t < 1.0E − 7 for t ≥ 4, and with CES preferences m t < 1.0E − 7 for t ≥ 9 (see Figure 11 ).
Suppose one wanted to construct a sunspot equilibrium as described by Woodford (pp. It is easy to show that
as m t → 0. With these types of equilibria, either the economy goes to the steady state quickly (and sunspots cease to matter), or contingent on not having gone to the steady state, the likelihood of going to the steady state declines and the nominal interest rate explodes as the level of real money balances goes to zero (again very rapidly in the parameterizations considered in this paper). An alternative would be setm to some level lower than the steady state level. In this case, sunspots could continue to matter (these equilibria are analogous to rolling down a hill, and at each point there is some probability of starting over near the top). These equilibria eventually end up with m t → 0 with probability one, and suffer the same problem as those equilibria withm equal to the steady-state valuem. 
Huo Sunspots
In the numerical simulation, the transition matrix is parameterized by one parameter Π S (π) with 0 < π < 1 in the following way: With Huo sunspot equilibria, money may eventually disappear from the economy, i.e., become worthless m = 0. In fact, in the numerical examples considered in this section, money disappears from the economy with probability one. It is easy to construct a finite discrete
Markov process with an absorbing subset in the set of monetary sunspot states where the probability of eventually going to the non-monetary sunspot state is less than one. If there is an absorbing subset in the monetary sunspot states, then the equilibrium in this absorbing subset corresponds to the equilibrium described by HKL and sunspots cease to matter. One can also construct an infinite discrete Markov chain without an absorbing subset in the set of monetary sunspot states where the probability of eventually going to the non-monetary sunspot process is less than one as well. In such examples, in lieu of entering an absorbing monetary sunspot subset, the economy (if it does not go to the non-monetary sunspot state) enters a monetary sunspot subset from which it is ever less likely to eventually reach the non-monetary sunspot state and the effect of the sunspot process on the equilibrium fades.
However, if money disappears, the endogenous variables of interest (velocity, nominal interest rates, inflation, etc.) cease to be well-defined. Given that in the data, the economy has not jumped to a non-monetary equilibrium, the simulation strategy is to calculate conditional moments of the model -conditional on the non-monetary equilibrium not being reached in the first T periods of the simulation.
The equilibrium is solved numerically using a modified version of the algorithm described Figure   18 illustrates how c depends on both intrinsic and extrinsic uncertainty with Cobb-Douglas preferences. The probability of going to the non-monetary sunspot state is increasing in s.
Consumption (real money balances) is decreasing in s because for higher s, it is more likely that money will be worthless next period.
Cobb-Douglas Results: This has two undesirable effects. First, the likelihood of going to a non-monetary state during a simulation of length T is greater, and so the event of observing a realization where money has not disappeared from the economy is less likely. Second, this greater spread increases the stochastic discount factor (as Huo mentions this is why asset values are below their "fundamental values"). This causes the real interest rate to be higher. This is similar to the preference parameter α trade-off in HKL, i.e., there is a tension between a mechanism that can increase velocity, but not without increasing the interest rate as well.
Ranges for correlations are reported in Figure 20 
Conclusion
In this paper the sunspot equilibria of Woodford (1994) and Huo (1996) are quantitatively explored and compared to the US data. The results are mixed. For the bounded sunspot equilibria of Woodford, the parameterization required for such equilibria puts the model at a disadvantage for matching the sample moments and the added flexibility provided by sunspots is not able to entirely compensate for this. The self-fulfilling inflations (though theoretically possible for reasonable parameter values) would surely be rejected by the data due to the rapidly explosive nominal interest rate and velocity of money. With Huo sunspot equilibria there is a tension that limits the model's ability to match the data in a reasonable way. In these equilibria, the degree to which the sunspot state affects the equilibrium value of m is via the likelihood of reaching the non-monetary state (the greater this likelihood, the lower the value of real money balances). The non-monetary sunspot state is absorbing and if this state is reached, then sunspots cease to matter. Or put differently, sunspots only matter in the monetary sunspot states. So if the probability of going to the non-monetary sunspot is small and hence the variation in probabilities of going to the non-monetary sunspot state from monetary sunspot states is small, the economy exhibits small fluctuations due to the sunspot process, but the likelihood of staying in these monetary states is high. If the probability of going to the non-monetary sunspot is large and therefore allowing for possibly large variations in the probability of going to the non-monetary sunspot state from monetary sunspot states, the economy may exhibits large fluctuations due to the sunspot process, but the likelihood of staying in these states is very low. Consequently, sunspots can matter very little for a long duration, or a lot for a short duration. 
